We construct the positive principal series representations for Uq(g R ) where g is of type Bn, Cn, F4 or G2, parametrized by R r where r is the rank of g. We show that under the representations, the generators of the Langlands dual group U q ( L g R ) are related to the generators of Uq(g R ) by the transcendental relations. We define the modified quantum group U q q (g R ) = Uq(g R ) ⊗ U q ( L g R ) of the modular double and show that the representations of both parts of the modular double commute with each other, and there is an embedding into the q-tori polynomials. *
Introduction
In this paper, we give the construction of the positive principal series representations for the quantum group U q (g R ) and its modular double where g is of type B n , C n , F 4 or G 2 , generalizing our recent work [7] on the simply-laced case, thus completing the constructions corresponding to simple g of all types. The transcendental relations play an important role in the non simply-laced case, where it becomes a key tool to realize the generators of the Langlands dual in a very direct way. This will be explained below.
The notion of the positive principal series representations is first introduced in [4] as a new direction of representation theory of split real quantum groups since the discovery of the concept of modular double for quantum groups [3] , and in the case for U(sl(2, R)) the representations by Ponsot and Teschner [11] . Let us recall the definition in the simply-laced case. Let E i , F i , K i be the generators of U q (g R ) with the standard quantum relations, where q = e πib 2 , b 2 ∈ R \ Q and 0 < b < 1.
Similarly let E i , F i , K i be the generators of U q (g R ) by replacing b with b −1 , where q = e πib −2 . Then using the rescaled variables e i = 2 sin(πb 2 )E i , f i = 2 sin(πb 2 )F i (1.1) and similarly for e i and f i with b replaced by b −1 , the positive representations has the following remarkable properties:
(i) the generators e i , f i , K i = e i , f
Furthermore, by modifying the definition of e i , f i , K
and the tilde variables with certain factors of K i 's, we also obtain the compatibility with the modular double U(g R ):
(iii) the generators e i , f i , K However, when g is not simply-laced, the transcendental relations do not hold anymore. Rather, the transcendental relations relate g with its Langlands dual L g directly in the following sense. For each positive simple root α i , define Then the generators of U q ( L g R ) is represented by the operators E i , F i and K i , where L g R is defined by replacing long roots with short roots and short roots with long roots in the Dynkin diagram of g.
4)
We remark that the Langlands dual appear as the commutant of the quantum group U q (g R ) [7] , and this is once considered an appropriate construction of the Langlands dual quantum group [5] . Hence the Main Theorem about the transcendental relations gives a more explicit construction of the Langlands dual appearing in the context of representation theory of split real quantum groups, and furthermore it cannot be obtained in the classical setting as b −→ 0.
With the above theorem, we define the (modified) modular double by 8) and the main results of the paper are the following:
There exists a family of positive principal series representation for U q (g R ) and its (modified) modular double U(g R ), parametrized by λ ∈ R r where r = rank(g), satisfying properties (i),(iii) and the Main Theorem above.
More precisely, for every reduced expression for w 0 , we parametrize U + >0 using the Lusztig's coordinate, and construct explicitly the positive representations. For each change of words of w 0 , we establish a unitary transformation (Theorem 4.5), so that in particular the family of positive representation is independent of choice of reduced expression of w 0 .
Hence by choosing a "good" reduced expression for w 0 , we can write down explicitly the positive representations for U q (g R ). Not surprisingly, by the philosophy of folding of Dynkin diagram, we observe the following Finally, as in the simply-laced case, by using the modified version U(g R ) of the modular double, we have the following properties.
This is just the restatement of (iii) of the positive representations.
Theorem 1.4. Let s (resp. l) be the number of indices corresponding to short (resp. long) roots, so that s + l = l(w 0 ). Then we have an embedding
of the modified modular double into the Laurent polynomials generated by s q s -tori and l q l -tori and their modular double counterpart.
The paper is organized as follows. In Section 2, we fix some notations and recall the definition of U q (g R ) of general type, the definition of the quantum dilogarithm function, and Lusztig's parametrization of the positive unipotent semi-subgroup U + >0 of G. In Section 3, we give the general construction of the positive representations for F i and K i , and the action of E i for a particular choice of w 0 . In Section 4, we study in detail the positive representations of U q (g R ) where g is of type B 2 , and describe the transformation needed to relate different reduced expression of w 0 . In Section 5 and 6 we give the explicit action of the positive representations of all type. In Section 7 we describe the relations between the positive representations and folding of Dynkin diagram. In Section 8, we prove the main theorem about the transcendental relations which is related to the Langlands dual quantum group. Finally in Section 9 we introduce the modified quantum group U(g R ) and state the main theorems about the positive representations of the modular double, the Langlands dual as the commutant, and its embedding into the q-tori.
Preliminaries
Throughout the paper, we will let q = e πib 2 with 0 < b 2 < 1 and b ∈ R \ Q.
Definition of
We recall the definition of the quantum group U q (g R ) where g is of general type [2, 10] . 
otherwise.
The Dynkin diagram for Type C n is given by 1 2 3 4 5 n and the corresponding Cartan matrix is given by (1 ≤ i, j ≤ n):
The Dynkin diagram for Type F 4 is given by and the corresponding Cartan matrix is given by 
Definition 2.2. Let (−, −) be the inner product of the root lattice. Let α i , i ∈ I be the positive simple roots, and we define
In the case when g is of type B n , C n and F 4 , we define b l = b, and
. with the following normalization:
In the case when g is of type G 2 , we define b l = b, and
with the following normalization:
l is generated by E i , F i and K
±1
i , i ∈ I subject to the following relations:
8) 10) together with the Serre relations for i = j:
12)
Quantum dilogarithm
Let us briefly recall the definition and some properties of the quantum dilogarithm functions [7] .
13)
where
14)
and the contour goes along R with a small semicircle going above the pole at t = 0. This can be extended meromorphically to the whole complex plane.
where log takes the principal branch of x.
We will need the following two properties of g b (x). 
If uv = q 4 vu, then we apply the Lemma twice and obtain 
Lusztig's data
The following are described in detail in [10] . Recall that for any simple root α i ∈ ∆ there exists a homomorphism SL 2 (R) −→ G denoted by 
where s i1 s i2 ...s im is a reduced expression for the longest element w 0 of the Weyl group W .
Lemma 2.9. We have the following identities:
In the simply-laced case, assume the roots α i and α j are joined by an edge in the Dynkin diagram. Then we have
(2.29)
Construction of positive representations
Let us recall the classical construction. 
Here we write the Gauss decomposition of g as
, and χ λ (g) is the character function defined by
where r is the rank of g R , λ = (λ i ) ∈ C r and u i = χ
are the dual coroots.) Following [7] , we will use the formal Mellin transformation of the form
on each variable, which transforms differential operators into finite difference operators. Using this technique, the positive representations in the simply-laced case are constructed in [7] . We extend the construction to all types as follows. 
2). We define the quantized action from the classical Mellin transformed action with the appropriate q i -number. 
and we define the positive quantized action by
For the operators F i and H i , we slightly modify the action from [7] so that the following hold for g of all type with Cartan matrix (a ij ).
Proposition 3.5. Let r(j) be the root corresponding to the variable v j . For any reduced expression w 0 , the classical Mellin transformed action is given by
and the positive quantized action is given by (with λ i ∈ R):
The classical Mellin transformed action of H i is multiplication by
and the quantized action (after rescaling) is given by
Theorem 3.6. The action of F i defined above satisfy the quantum Serre relations (2.12).
Proof. The method of the proof is similar to the approach givein in [4] . Let i corresponds to the short root and j the long root, and let us write
That is, for each fixed terms we look at how much the factor of F j is shifted by the action of the different components of F i . The quantum Serre relations for simplylaced roots are proved in exactly the same way in [4] . However in the doubly-laced case the calculation is more involved. We observe from the explicit expressions that 10) and furthermore a mn only takes value in {0, 1, 2} while b n only takes values in {0, −2}. Then the quantum Serre relations for the long root F j is equivalent to the vanishing of the following expression
which can be checked directly. The quantum Serre relations for type G 2 can be checked directly using the explicit expression given in Section 6.
Positive representations of
U q (g R ) of type B 2 = C 2
Lusztig's data and transformation
From Section 2.3, we know that when g is of type B 2 = C 2 , the positive unipotent subgroup is parametrized by
. Let us choose the following root subgroup on C 2 = Sp(4, R):
where x s and x l correspond to the short and long root respectively. Then we have the following transformation rules:
4)
Furthermore, the transformation
is an involution:
Classical principal series representations
Using the above transformation, we can find the classical principal series representations for B 2 by commuting the corresponding root subgroup to the front. Under the Mellin transform, let t, v be the variables corresponding to the Lusztig's parameter a, c of the short root, while u, w corresponds to the Lusztig's parameter b, d of the long roots. 
so that the corresponding Mellin transformed action on f (t, u, v, w) is given by
On the other hand, corresponding to w 0 = s 2 s 1 s 2 s 1 we have
14)
The actions of F i and H i are given in Proposition 3.5.
Explicit expressions
Following the work in [7] , we will construct the positive representations for U q (g R ) by quantizing the weights of the Mellin transformed action appropriately, and introduce certain twisting to make the actions positive.
Recall from Definition 2.2 that q 1 = q 
(4.16)
(4.17)
e 2πbpv (4.18)
(4.19)
(4.20)
Note that for q i = e 
(4.23)
(4.24)
(4.25)
(4.26)
Hence one can see that the expression resembles that of the classical formula. However, it turns out that it is more natural to consider the rescaled version, where for variables corresponding to the short root, we rescale by
We
Then under the above rescaling, we can rewrite Theorem 4.3 as follows:
Theorem 4.3*. Let
30) Proof. The commutation relations of the operators can be checked directly. Note that the action of F i and K i coincides with the one given in Proposition 3.5.
Transformations of operators
As in the simply-laced case, by quantizing φ from (4.6), there is a unitary transformation Φ that intertwines the above action corresponding to the change of reduced expression w 0 = s 1 s 2 s 1 s 2 = s 2 s 1 s 2 s 1 .
Theorem 4.5. We define the transformation
45)
g bs (e −πbs(t−v)−πbw+2πbs(pv −pt)+2πb(pw −pu) ) , (4.46)
47)
and T is the transformation matrix of determinant −1:
Then Φ is a unitary transformations, Φ 2 = 1, and for any operators X, 
Then the quantized action of F i is given by
where v j is the labelling given in Definition 3.2.
Type B n
Let us choose the following reduced expression for w 0 w 0 = 1212 32123 4321234 ...n(n − 1)...1...n where for simplicity, we denote by i := s i . Then by transposing the desired index to the right, and applying the rules from Proposition 5.1 repeatedly, we obtain Proposition 5.2. The action of E 1 is given by
Note that the variable u 2n−1 2 = 0 is non-existent. The action of E i for i ≥ 2 is given by
where e i = 2 sin πb 2 i E i and
Type C n
Using the exact same expression for w 0 as in type B n , we have the following action.
Proposition 5.3. The action of E 1 is given by
while the action of E i for i ≥ 2 is the same as (5.7).
Type F 4
Let us choose the following reduced expression for w 0 :
which follows from the embedding B 2 ⊂ B 3 ⊂ F 4 . We will use the notation introduced in [8] to simplify the expressions. Let and let P i (x) be the partial sum of P i from x (ignoring the coefficient) to the right most term. For example 6 Positive representations of U q (g R ) for type G 2 Let w 0 = s 2 s 1 s 2 s 1 s 2 s 1 where 1 is the long root and 2 is the short root. First let us descirbe the root subgroup x 1 (t) and x 2 (t) embedded in SL (7), which can be found in [6] . 
Using an equation solver, we found the relations between the Lusztig's parametrization:
(an explicit relation can also be found in [1] ). From this we can derive the classical principal series representation:
Proposition 6.1. The classical principal series representation corresponding to w 0 = s 2 s 1 s 2 s 1 s 2 s 1 is given by 5) and the Mellin transformed action on f (r, s, t, u, v, w) is given by
To get the quantized action, we again rescaled the variables corresponding to whether the index are long or short root. Using the notation from ), we found the action as follows. 
where again e i = 2 sin πb The action corresponding to w 0 = s 1 s 2 s 1 s 2 s 1 s 2 can also be computed, and E 1 consists of 13 terms. It can instead be obtained from the folding of the positive representations of type D 4 described in the next section.
Folding of representations
By comparing the action of C n given in Section 5.2 and the action of D n+1 given in [7] , there is a strong similarity between the action. In fact the action of E i for i ≥ 2 are identical. This holds in general due to the principal of folding of Dynkin diagram.
In particular, this means that (using the labelling introduced in Section 2.1 and Proof. First we rescaled q so that for non-paired index i, the action of E i for w 0 = w l−1 s i matches with the correct q. For example, we have to use U qs (D n+1 ) where q s = q 1 2 so that it corresponds to the short roots in U q (C n ). Next we identify the variables corresponding to the paired roots in the simplylaced case. For example we let u
. These will simplify certain expressions, and occasionally produce identical terms.
Then we rescale the variables according to whether they correspond to short or long roots, much like the procedure described before Definition 4.4.
Finally, for the identical terms, we quantize the multiples with q s . For example
Transcendental relations
We recall from the simply-laced case that, if we define the following operators e i , f i , K i as:
Then the operators are precisely the same as replacing b with b −1 , so that the operators
and K i generates a representation of U q (g R ) where q = e πib −2 . In particular, the transcendental relations means that
which is due to Lemma 2.8. However in the case of non-simply-laced type, the tilde generators no longer generates U q (g R ), but rather short roots become long roots and vice versa. More precisely, we have the following Theorem. 
where as before This is a nontrivial result, since other than exchanging q i with q i , the corresponding quantum Serre relations also get interchanged, and there is no classical anaolgue of the above transcendental relations.
To give the proof of Theorem 8.1, let us introduce the following notation. The transcendental relations for E 1 is less trivial. Let q s = q 1 and write the terms in (4.32) as
where each bracket corresponds to the two terms in [−]e(−) so that
Then by direct calculation we can write the above sum as
so that each term q 2 s commute with all other terms to their right, except for A 3 and A 2 where we have instead
Hence by Lemma 2.8, we obtain
Upon identification (t, u, v, w) ←→ (w, v, u, t) we see that this is exactly the expression (4.39) for the long root element E 2 of C 2 with q replaced by q. Finally, the operators i . Hence under the scaling of the short root it is equivalent to the Cartan matrix (a ij ) being transposed.
For the action of E i , it suffices to choose a simple reduced expression of w 0 in order to check the commutation relation, much like proof given in [7] . In particular, we can choose the reduced expression of w 0 that ends with s i s j s i for simply-laced connecting root indices, or s i s j s i s j for doubly-connected root indices. Then we see from (8.5) and Lemma 8.3 that the relations between E i , F i , K i and E j , F j , K j hold as generators of U q ( L g R ).
Finally, the action E 1 and E 2 for U q (g 
parametrized by rank(g) numbers λ i ∈ R.
Not surprisingly, all the additional properties in the simply-laced case [7] also hold in the general case, with slight modifications. The proof of the following result is exactly the same as in the simply-laced case, thus justifying the notation of the modular double. where A = (a ij ) is the Cartan matrix, and e k is the standard unit vector. Since this is just the weight lattice, the algebra generated by K b k and K i are the same. In particular, this means that the commutant of U q (g R ) is precisely its Langlands dual quantum group U q ( L g R ).
Let the index i corresponds to the coordinate parametrization {x i }, and b i as usual denotes b s or b l depending on whether the corresponding root is short or long. Let s (resp. l) be the number of indices corresponding to short (resp. long) roots, so that s + l = l(w 0 ). LetC[T s,l
, be the Laurent polynomials in the quantum tori variables that are positive self adjoint and satisfy
which can be realized by 
